In this paper, the shadows cast by non-rotating and rotating modified gravity black holes are investigated. In addition to the black hole spin parameter a and the inclination angle θ of observer, another parameter α measuring the deviation of gravitational constant from the Newton one is also found to affect the shape of the black hole shadow. The result shows that, for fixed values of a/M and θ, the size and perimeter of the shadows cast by the non-rotating and rotating black holes significantly increase with the parameter α, while the distortions decrease with α. Moreover, the energy emission rate of the black hole in high energy case is also investigated, and the result shows that the peak of the emission rate decreases with the parameter α.
I. INTRODUCTION
Very recently, it was very exciting that the gravitational waves have been directly observed by LIGO and Virgo from binary black hole and neutron star systems [1] . These events opened a new window for the observational astronomy. As expected, the nature of black holes will be well determined in the near future when more merging events are observed and the signal-to-noise ratio is improved. These will also provide us a possible way to distinguish black holes in different gravity theories [2, 3] .
There are other ways to explore the nature of black holes, such as strong black hole lensing and shadow. In particular, these effects will be greatly improved by the black hole mass. More interestingly, it is generally believed that there exists a supermassive black hole in the center of each galaxy. The mass of the corresponding black hole is so huge that the strong gravity effects may be observable. For example, the Event Horizon Telescope with high enough angular resolution is able to observe the shadow cast by the supermassive black hole located in the center of our galaxy [4] with the new imaging techniques. Therefore, it is extremely desirable to investigate the black hole shadow.
Near the black hole shadow, the strong gravitational lensing may be quite obvious. In the ideal situation, a large Einstein ring and two infinite series of concentric relativistic Einstein rings will appear near the shadow of a nonrotating black hole, while only one or two bright images for the rotating case. Compared with the one-dimensional lensing images, black hole shadows are two-dimensional dark zones, which implies that shadows are much more easily to be observed.
Black hole shadows are formed by the null geodesics in the strong gravity region. In general, these photons with large angular momentum coming from infinity will be bounded back to infinity by the gravitational potential of the black hole. While these with small angular momentum will fall into the black hole, which leads to a dark zone for the observer located at infinity. Among these two cases, the photons with critical angular momentum will round the black hole one loop by one loop, which forms the boundary of the shadow. For the non-rotating Schwarzschild black hole, its shadow was first studied by Synge and Luminet [5, 6] . The shadow cast by rotating Kerr black hole was first investigated by Bardeen [7] , and was systematically introduced in Ref. [8] . These results show that the non-rotating black hole has a perfect circular shadow, while the shape of the rotating black hole shadow is elongated due to the dragging effect.
Importantly, astronomical observables are the key to match the theoretical study and astronomical observation. Considering that the shape of the black hole shadow is uniquely determined by its boundary, observables can be constructed by these characteristic points on the boundary. Hioki and Maeda [9] proposed several new observables to describe the shadows cast by the Kerr black holes and Kerr naked singularities. Using these observables, the spin of the black hole and the inclination angle of the observer will be well determined. There are other observables constructed by different research groups [10] [11] [12] . In particular, the authors in Ref. [12] showed a new formalism to describe the shapes of the black hole shadows. Based on it, several distortion parameters of the shadow were introduced. This method is independent of the location of the center of the shadow. These studies were also carried out for other black hole or wormhole backgrounds .
On the other hand, a new interesting modified gravity (MOG), the scalar-tensor-vector gravity theory proposed by Moffat, can be treated as an alternative to general relativity (GR) when one deals with the galaxy rotation curves and galaxy clusters without introducing the dark matter [50] [51] [52] [53] . So it is of great interest to investigate the properties of the black hole in this gravity theory. Many studies demonstrated that there exist distinct differences between this MOG and GR [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] . In Refs. [55, 66] , the authors gave a preliminary image of the shadow cast by the MOG black hole. And recently, the superradiance in the MOG was also studied in Ref. [67] . In this paper, we aim to investigate the observables of the MOG black hole shadows. These results will provide us with the detailed property of the MOG theory, and a possible way to distinguish the MOG from GR. This paper is organized as follows. In Sec. II, we briefly summarize the field equations and the MOG black hole metric. The geodesic equations and orbital equations of photons are given in Sec. III. Further, in Sec. IV, we examine the shadows of black holes, mainly including the apparent shapes and the distortions of the shadow. Moreover, the energy emission rate is also investigated. And finally, we give a summary and discussion for this article in Sec. V.
II. FIELD EQUATION AND MOG BLACK HOLE
The action of the modified gravity we focus on is [50] 
with the parts S GR , S φ , and S s given by
Here φ µ is a Proca type massive vector field of mass µ. Potentials V (G) and V (µ) are, respectively, correspond to scalar fields G(x) and µ(x). S M denotes the matter action. The tensor field B µν = ∂ µ φ ν − ∂ ν φ µ satisfies the following equations
Since the effect of the mass µ of the vector field displays at kiloparsec scales from the source, it can be neglected for a black hole solution. On the other hand, one can also treat G as a constant independent of the spacetime coordinates. Moreover, considering a vacuum solution, the action will be simplified to
The field equation corresponding to this action reads
with the energy momentum tensor of the vector field given by
The parameter G has a relation with the Newton's gravitational constant G = G N (1 + α) with α being a dimensionless parameter. For α = 0, it will back to GR. Thus we can treat α as a deviation parameter of the MOG from GR. Solving these field equations, the rotating Kerr-MOG black hole can be obtained, which in Boyer-Lindquist coordinates has the form [54] 
where
The Newton mass M and the ADM mass M ADM are related with [61]
Since the shadow is mainly caused by the Newton mass, we will adopt the Newton mass as the unit. By solving ∆ = 0, we can obtain the radii of the black hole horizons
For simplicity, we will set G N = 1 throughout this paper.
III. PHOTON ORBITS
In this section, we would like to give a brief introduction to the photon orbits in the background of a Kerr-MOG black hole.
A. Equations of geodesic motion
The motion of a photon moving in the black hole background is described by the geodesic equation
where λ and Γ µ αβ are the affine parameter and the Christoffel symbols of the background geometry. Combined with initial conditions, the geodesic equation (14) can be solved for the specified metric. However, this approach is very difficult to deal with. Nevertheless, we can adopt the Hamilton-Jacobi approach to solve the geodesics.
The Hamilton-Jacobi equation in this spacetime with the metric tensor g µν is given by
Considering that there are two Killing fields ξ t,φ = ∂ t,φ , the Jacobi action S for the photons has the following form
where E and J z are, respectively, the energy and the angular momentum in the direction of the axis of symmetry.
Substituting (16) into (15), one can obtain the equations of motion [54] 
Here, R and Θ are given by
with K denoting the Carter constant. Since the spacetime is asymptotically flat, the photon path is a straight line at infinity. However, when there a black hole is placed between the observer and the light source, the light will reach the observer after deflecting due to the strong gravitational field of the black hole. And we are going to study this case in the next part.
B. Circular photon orbits
In this subsection, we will discuss the radial motion of photon. The motion of photon is determined by two impact parameters ξ = J z /E and η = K/E 2 . From Eq. (19), we can obtain the circular photon orbits, which are very useful on determining the shape of the black hole shadow. The conditions for these orbits are
Solving them, we get
These two impact parameters are the key to determine the boundary of the black hole shadow, and we will use them later.
IV. SHADOWS OF MOG BLACK HOLE
As we mentioned above, when there is a black hole located between a light source and an observer, the light will be deflected due to the strong gravitational field of the black hole. In general, there are different cases when a photon emitted by a light source passes a black hole from infinity. For the first case, the photon with large orbital angular momentum will turn back at some turning points and reach the observer located at infinity. For the second case, the photon with small orbital angular momentum will fall into the black hole. Thus the light source is invisible to the observer. If the light sources are located at infinity and distributed uniformly in all directions, the observer will see a dark zone, known as the black hole shadow corresponding to the second case. In particular, among these two cases, there exists a critical case where the photon will move around the black hole all the time. And this critical case just relates with the boundary of the dark zone. Since the information of the shadow is encoded in its boundary, we mainly focus on the critical case.
A. Apparent shape
The border of the shadow defines the apparent shape of the black hole. To study the shadows, we adopt the celestial coordinates:
where θ is the angle between the rotation axis of the black hole and the line of sight of the observer. In the special case where the observer is on the equatorial plane of the black hole with the inclination angle θ = π 2 , one can easily get For the non-rotating black hole case of a/M = 0, the parameter r in Eqs. (24) and (25) will take the radius of the photon sphere
Then we have
From above, one can easily find that the shape of the non-rotating black hole is a standard circle, while its radius is closely dependent on the parameter α. The shapes are plotted in Fig. 1(a) . From it, we can see that the size of the shadow increases with α. Thus comparing with the Schwarzschild black hole case, the non-rotating MOG black hole always has a larger shadow. For the rotating black hole case of a/M = 0, the shape of the shadow will be elongated in the direction of the rotation axis due to the dragging effect, so the shape will deviate from the standard circle. For example, we set α = 0.02 and vary the black hole spin parameter a/M from 0 to 0.99 shown in Fig. 1(b) . For a low spin, the shape is almost a circle, while the deviation becomes significant when the spin parameter approaches a large value, i.e., a/M = 0.99. Our result shows that such pattern is the same as that for the Kerr black hole case [8, 9] .
For clarity, we plot the shapes of the black hole shadow in Fig. 2 for different values of the spin parameter a/M and the inclination angle θ. All the figures confirm that the black hole shadow closely depends on both a/M and θ. Moreover, the more the spin parameter a/M of the black hole approaches its maximum, the more the deformed of the shape.
B. Observables
In order to determine or test the parameters of the astronomical black hole by using the shadow, constructing astronomical observables is necessary. One of the properties of the observables must be easily measured and reliable. There are different observables constructed by different groups [9, 10, 12, 16] . For convenience, we follow Hioki and Maeda [9] , where two observables, the radius R s and the distortion parameter δ s , are introduced. The quantity R s is the radius of a reference circle passing by three points: the top point (x t , y t ), the bottom point (x b , y b ), and the right point (x r , 0) of the shadow, which corresponds to the unstable retrograde circular orbit seen by an observer located on the equatorial plane. Another quantity is the distortion parameter δ s = D/R s , where D is the difference between the endpoints of the reference circle and of the shadow, and both of them are at the opposite side of the point (x r , 0). The radius R s basically gives the approximate size of the shadow, and δ s measures its deformation with respect to the reference circle. If the inclination angle θ is independently known, precise enough measurements of R s and δ s could serve, in principle, to obtain the spin parameter a and the parameter α. Moreover, in order to avoid the degenerate of the shadow caused by the black hole parameters, another distortion parameter ε is needed [27] , which measures the distortion on the left side of the black hole shadow formed by the unstable retrograde circular orbit. We denote the corresponding point as (x h , y h ), which is just the point that the horizontal line of y h = y t /2 cuts the shadow at the opposite side of (x r , 0). Combined with these three observables, it is expected that the characterizations of the MOG black hole and the inclination angle θ of the observer can be well determined. Taking a simple algebra calculation, one can find that the center (x c , y c ) of the reference circle is at
Note that y c = 0 is the result of the symmetry of the shadow. Further, these three observables can be expressed as
where (x r , 0) and (x l , 0) are the points where the reference circle and the contour of the shadow cut the horizontal axis at the opposite side of (x r , 0), respectively. For the shadow cast by the non-rotating black hole, the contour of the shadow will meet the reference circle, and thus there will be no distortion, i.e., ǫ = δ s = 0. We numerically calculate these three observables, and the results are presented in Figs. 3, 5 and 6. The cases for the inclination angle θ = π 6 , π 3 , and π 2 are, respectively, described by the black solid lines, red dashed lines, and blue dotted lines. The radius R s of the shadow is clearly shown in Fig. 3 . From it, we can find that for fixed inclination angle θ and spin parameter a/M , R s increases with the parameter α. This is because that the gravity of the black hole increases with α. So the MOG black hole always has a larger shadow than the GR black hole. Interestingly, we can also find that the radius R s increases with θ, which means that the observer located on the equatorial plane will get the biggest shadow. On the other hand, we also study the radius of the photon sphere r ps . When a/M = 0, the radius r ps of the photon sphere is given in Eq. (29) , and its behavior is plotted in Fig. 4(a) as a function of the parameter α. From the figure, one can find that when r ps increases with α, which indicates that the gravity increases with α. This is because that the larger α is, the larger the effective gravitation constant G.
The two distortion parameters δ s and ǫ are clearly displayed in Figs. 5 and 6. As expected, δ s and ǫ are nonzero for rotating black holes. Obviously, δ s and ǫ decrease with the parameter α. For fixed a/M = 0.5 and θ = π/2, δ s approaches to 13% and ǫ tends to 11% for α = 1. So comparing with the Kerr black hole in GR, the rotating MOG black hole gets less deformed. This can provide us a possible way to distinguish these two black holes. The decrease of the distortion with α is mainly caused by the radii r ps of the retrograde light ring and the prograde light ring. Taking a/M = 0.99 as an example, we plot r ps for retrograde light ring and the prograde light ring in Fig. 4(b) . It is obvious that, for both the retrograde and prograde cases, r ps increases with α. However, the difference is that the slope is about 4.68 for the prograde case, and 2.55 for the retrograde case, which means that the radii of the two light rings vary at different speeds of α. The prograde light ring has a faster growth rate than that of the retrograde one, and which will lead to that, with the increase of α, the horizontal diameter of the shadow gets a little longer. Then, the distortions of the shadows decrease.
From above, we can find that there are four parameters, the mass M , spin a, coupling parameter α, and viewing angle θ, to be determined. In general, the black hole mass can be well measured by the motion of the star around it. On the other side, the black hole mass is closely related with the size of the shadow. For example, for the Schwarzschild black hole, the perimeter P s of the shadow is
which implies that the larger the black hole, the longer the perimeter of its shadow. Thus the perimeter P s can act as an observable to measure the black hole parameter. In the following, we will study P s for the shadow. For a certain shadow, its perimeter can be calculated with [12, 49] Here r 1 and r 2 denote the radii of light rings for prograde and retrograde photons, respectively. For the non-rotating case a/M = 0, the perimeter has an analytical form
When α = 0, it reduces to the Schwarzschild black hole case (36) . A detailed study shows that P s increases with α. Moreover, for fixed α, P s ∝ M . Thus P s can be used to test the black hole parameter. For the rotating case, we can obtain the numerical values of the perimeter. For a/M = 0.5 and a/M = 0.99, we show the results in Fig. 7 . From it, we find that P s increases with the parameter α and the viewing angle θ. In Ref. [26] , we proposed that the area of the black hole shadow observed by the observer on the equatorial plane located at infinity approximately equals to the high energy absorption cross section, and this assumption has been carried out for the Einstein-Maxwell-Dilaton-Axion black hole. Adopting the assumption, in high energy case, the energy emission rate of the black hole is where R s is given in Eq. (33). The Hawking temperature T H can be calculated by
. Then, we describe the energy emission rate against the frequency ω for a/M = 0 and a/M = 0.5 in Fig. 8 . Obviously, there exists a peak for each curve. With the increase of the parameter α, the peak decreases and shifts to the low frequency. For fixed parameter α, the peak decreases with spin parameter a/M . 
V. CONCLUSIONS AND DISCUSSIONS
We studied the black holes predicted by modified gravity theory for both rotating and non-rotating cases. The black hole has an effect on the photons moving around it due to its strong gravitational field. When photons from infinity approach a black hole, their directions will change. Those photons having large orbital angular momentum will deflect due to gravity and reach the observer, while photons with small orbital angular momentum will be captured by the black hole, and form a dark zone in the sky. The shadow is the optical appearance of the black hole, and its apparent shape is considered to be the boundary of the black hole. Then one can use the formation mechanism of shadow to study the property of the black holes.
In this paper we studied the optical features of black hole. There will be some deformations in the shape of the black hole shadow in rotating case. Both the circular shadow for the Schwarzschild-MOG black hole (a/M = 0) and the deformed circular shadow for the Kerr-MOG black hole (a/M = 0) increase with α. With the increase of the spin parameter a/M , the shadow is shifted to the right. Taking α = 0.02 and θ = π 2 , we clearly showed that as the value of a/M increases, the size of the shadows are almost constant, but the shapes get more deformed and move to the right, see Fig. 1(b) .
Then we studied four observables, the radius R s , distortions δ s , ǫ, and the perimeter P s for the shadows cast by the MOG black holes. The results show that the radius R s and perimeter P s of the black hole shadow increase with the viewing angle θ and the parameter α, which indicates that the gravity of the MOG black holes increases with α. On the other hand, the distortions δ s and ǫ decrease with α for fixed black hole spin. Thus the shadows of MOG get smaller deformed from its GR counterpart. These results will provide us a novel approach to determine the black hole parameters and to test the MOG gravity by making use of the shadow.
Moreover, due to the optical properties, the area of the black hole shadow is supposed to equal to the high-energy absorption cross section. Based on this assumption, the energy emission rate is investigated. From the figure, we found that with the increase of parameter α, the peak decreases and shifts to the low frequency.
It is currently believed that there are supermassive black holes in the center of many galaxies. There is now evidence that such a black hole exists in the center of the Milky Way and Sgr A * is a candidate. Therefore, we expect to test the nature of the supermassive black hole in our galaxy modeled with the MOG black hole solution. Especially, with the help of the Event Horizon Telescope at wavelengths around 1 mm based on VLBI [4] , it also provides us a possible way to distinguish the MOG gravity from GR by observing the black hole shadow.
